Abstract. We effect a multifractal analysis for a strongly dissipative Hénon-like map at the first bifurcation parameter at which the uniform hyperbolicity is destroyed by the formation of tangencies inside the limit set. We decompose the set of non wandering points on the unstable manifold into level sets of Birkhoff averages of continuous functions, and derive a formula for the Hausdorff dimension of the level sets in terms of the entropy and unstable Lyapunov exponent of invariant probability measures.
introduction
The multifractal analysis of chaotic dynamical systems consists in the study of fine geometric structures of invariant sets. One considers the so-called multifractal decompositions of an invariant set, and the associated multifractal spectra which encodes this decomposition. By connecting the spectra to other characteristics of the system, such as entropy and Lyapunov exponents of invariant measures, one tries to get more refined description of the underlying dynamics than purely stochastic considerations.
In this paper we treat the Birkhoff averages of continuous functions. Although this type of problem is well-understood for uniformly hyperbolic systems, much less is known for non hyperbolic ones. We treat certain non-hyperbolic two-dimensional maps at the boundary of uniform hyperbolicity, having quadratic tangencies between invariant manifolds.
We are concerned with a family of Hénon-like diffeomorphisms f a : (x, y) ∈ R 2 → (1 − ax 2 , 0) + b · Φ(a, b, x, y), a ∈ R, 0 < b ≪ 1.
Here, Φ is bounded continuous in (a, b, x, y) and C 2 in (a, x, y). We assume there exists a constant C > 0 such that for all a near 2 and small b,
This family describes the transition from uniformly hyperbolic to non hyperbolic regimes. It is known [2, 4, 7, 24] that there is a first bifurcation parameter a * = a * (b) with the following properties: the non wandering set of f a is a uniformly hyperbolic horseshoe for a > a * ; for a = a * there is a unique orbit of homoclinic or heteroclinic tangency, and the tangency is quadratic. The aim of this paper is to perform the multifractal analysis of f a * . Although the dynamics of f a * resembles that of the horseshoe before the first bifurcation, the presence of tangency presents novel obstructions for understanding the global dynamics.
We state our settings and goals in more precise terms. Write f for f a * . Let P , Q denote the fixed saddles of f near (1/2, 0), (−1, 0) respectively. The orbit of tangency intersects a small neighborhood of the origin exactly at one point, denoted by ζ 0 (FIGURE 1). If f preserves Figure 1 . Organization of invariant manifolds of the fixed saddles P , Q of f = f a * near (1/2, 0), (−1, 0) respectively. In the case det Df > 0 (left), the stable and unstable manifolds of Q meet each other tangentially. In the case det Df < 0 (right), the stable manifold of Q meets the unstable manifold of P tangentially. The shaded regions represent the region R containing the non wandering set Ω (see Sect.2.1).
orientation, then ζ 0 ∈ W s (Q) ∩ W u (Q). If f reverses orientation, then ζ 0 ∈ W s (Q) ∩ W u (P ). The sole obstruction to uniform hyperbolicity is the orbit of the tangency ζ 0 .
Let Ω denote the non wandering set of f , which is a compact set. If f preserves orientation, let W u = W u (Q). Otherwise, let W u = W u (P ). The (non-uniform) expansion along W u is responsible for the chaotic behavior of f . Hence, a good deal of multifractal information of Ω is contained in its unstable slice
Given a continuous function ϕ : Ω → R consider level sets of the Birkhoff averages of ϕ:
where
In what follows we assume c ϕ < d ϕ . For otherwise the Birkhoff averages of ϕ along all orbits are equal. Set
Consider the multifractal decomposition
whereΩ u ϕ denotes the set of points in Ω u for which (1/n)S n ϕ(x) does not converge. This decomposition has extremely complicated topological structures: each Ω u ϕ (β) is nonempty (See Sect.3.2 for details); one can show that each set appearing in the decomposition is dense in Ω u ; namely, a decomposition into an uncountable number of dense subsets. Let M(f ) denote the set of f -invariant Borel probability measures. The entropy of µ ∈ M(f ) is denoted by h(µ). An unstable Lyapunov exponent of µ ∈ M(f ) is the number λ u (µ) defined by
Here,
, and E u x is a one-dimensional subspace of T x R 2 called an unstable direction at x ∈ Ω that is characterized by the following backward contraction property [20] :
By a result of [4] , inf{λ u (µ) : µ ∈ M(f )} > 0. Relationships between entropy, unstable Lyapunov exponents and dimension of invariant probability measures were established in [15] . Our main result connects these characteristics to the Hausdorff dimension of Ω 
This type of formula has been proved under different settings and assumptions on the hyperbolicity of the systems: uniformly hyperbolic ones [1, 16, 18, 27] (a more complete list of previous results can be found in [17] ); maps with parabolic fixed points [5, 12] ; certain nonuniformly expanding quadratic maps on the interval [5, 6] . Up to present, many of the known results for non hyperbolic systems are limited to the Lyapunov spectrum [9, 10, 11, 14, 25] .
In [5] , Chung established the formula for a class of one-dimensional maps admitting "nice" induced Markov maps. A strategy for a proof of our theorem is to use a (locally defined) stable foliation to identify points on the same leaf (called long stable leaves in [25, Sect.2.8]), and to extend the one-dimensional argument in [5] . The same strategy has been taken in [25] in which the non continuous function log J u was treated instead of ϕ. Since the stable foliation is not globally defined, it is not possible to tell whether such a leaf through a given point exist. The argument in [25] to handle this difficulty consists of three steps: (i) introduce dynamically critical points in the spirit of Benedicks and Carleson [3] , and define a bad set in terms of the recurrence to the critical points; (ii) show that long stable leaves exist for points outside of the bad set; (iii) show that the Birkhoff averages of log J u do not converge on the bad set. A novel obstruction in dealing with continuous ϕ is that the Birkhoff averages of ϕ can converge, for points in the bad set (denoted by Ω u * in Sect.3.1). What we can do at best is to show that the dimension of Ω u * is small, and establish the formula for those β for which B ϕ (β) is not too small. This is the reason for the restriction on β in the theorem.
To clarify the range of β for which the formula in the theorem holds, let us recall the thermodynamic formalism of f developed in [20, 21] . For t ∈ R define
A measure which attains this supremum is called an equilibrium measure for −t log J u . The function t → P (t) is convex. One has P (0) > 0, and Ruelle's inequality [19] gives P (1) ≤ 0. Since f has no SRB measure [23] , P (1) < 0 holds. Hence the equation P (t) = 0 has a unique solution in (0, 1), denoted by t u . There exists a unique equilibrium measure for −t
, denoted by µ t u , and
. From the theorem and the Ergodic Theorem,
u . The rest of this paper consists of two sections. Sect.2 is a preliminary, and the theorem is proved in Sect.3.
Preliminaries
The main reference of this section is [25] . We collect several results and constructions, and prove two lemmas needed for the proof of the theorem.
Throughout this paper we shall be concerned with positive constants δ, b, chosen in this order. The letter C is used to denote any positive constant which is independent of δ or b.
2.1. The non wandering set. By a rectangle we mean any compact domain bordered by two compact curves in W u and two in the stable manifolds of P or Q. By an unstable side of a rectangle we mean any of the two boundary curves in W u . A stable side is defined similarly. By the result of [24, Lemma 3.2] there exists a rectangle R contained in the set {(x, y) ∈ R 2 : |x| < 2, |y| < √ b} with the following properties (See FIGURE 1):
• Ω = {x ∈ R : f n x ∈ R for every n ∈ Z}; • one of the unstable sides of R contains ζ 0 ;
• one of the stable sides of R contains f ζ 0 . This side is denoted by α 
From the first two conditions on F s and f α
To locate all other critical points we need some preliminary considerations. Let α In particular, all critical points never return to the interior of R under forward iteration. The dynamics of f is amenable to analysis primarily due to this non-recurrence of critical points. To recover the loss of derivatives suffered from the return to I(δ), we bind the point to a suitable critical point [25, Lemma 2.9] , and let it copy the exponential derivative growth along the critical orbit [25, Lemma 2.6].
2.3. Inducing. We introduce an inducing scheme associated with the first return map to Θ. The reference for the contents in this subsection is [25, Sect.2.10] .
Define a sequence {α n } ∞ n=0 of compact curves in R ∩W s (P ) inductively as follows. First, set α 0 = α + 1 . Givenα n−1 , defineα n to be one of the two connected components of f 
which is the first return time of x to Θ. Note that: • each level set of r except S has exactly two connected components. Let P denote the partition of the set Θ \ (S ∪ α
) into connected components of the level sets of the function r. The P is well-defined because the Hausdorff distance between α n and α + 0 converges to 0 as n → ∞. Set P 1 = {ω = η : η ∈ P}, where the bar denotes the closure operation. For each n ≥ 2 define
Elements of n≥0 P n are called proper rectangles. The unstable sides of a proper rectangle are formed by two curves contained in the unstable sides of Θ. Its stable sides are formed by two curves contained in W s (P ). On the interior of each ω ∈ P 1 , the value of r is constant. This value is denoted by r(ω). For each ω ∈ P n define its inducing time τ (ω) by
Clearly, the unstable sides of f τ (ω) ω are formed by two curves inΓ u . Its stable sides are formed by two curves contained in the stable sides of Θ (See FIGURE 2).
The next bounded distortion result is contained in [25, Lemma 2.15].
Lemma 2.2. For any γ u ∈Γ u and any proper rectangle ω, γ u ∩ ω is a compact curve joining the stable sides of ω. In addition,
2.4. Horseshoes. We introduce a horseshoe structure which naturally comes from the inducing scheme in Sect.2.3. The reference for the contents in this subsection is [25, Sect.2.10] . Let A be a finite collection of proper rectangles contained in the interior of Θ, labeled with 1, 2, . . . , ℓ = #A. We assume any two elements of A are either disjoint, or intersect each other only at their stable sides. Endow Σ ℓ = {1, . . . , ℓ} Z with the product topology of the discrete topology, and let σ : Σ ℓ denote the left shift. Define a coding map π : Σ ℓ → R 2 by π({x i } i∈Z ) = y, where
Lemma 2.3. [25, Lemma 2.19]
The map π is well-defined, continuous, injective, and satisfies π(Σ ℓ ) ⊂ Ω.
Bounded distortions.
We need two more distortion results for points which are slow recurrent to the critical set. For 
The next lemma gives a distortion bound for Birkhoff averages of Hölder continuous functions. 
Proof. Let x ∈ Ω∩ω. There exists a nearly horizontal C 1 -curve, denoted by γ u (f τ (ω) x) (called a long unstable leaf through f τ (ω) x in [25] ), which is contained in f τ (ω) ω, joins the stable sides of Θ and satisfies length(f −n γ) ≤ Cρ n 0 for some C > 0, ρ 0 ∈ (0, 1) and all n ≥ 0. Letx denote the point of intersection between γ u (f τ (ω) x) and α + 1 , and set
. Let y ∈ Ω ∩ ω and define y ′ in the same way. Let θ ∈ (0, 1] be a Hölder exponent of ϕ. We have
From the backward contraction, the first and the third summands are uniformly bounded. 
which is bounded by a uniform constant depending only on b, m, θ. Since ω and x, y are arbitrary, the desired inequality follows.
Remark. The function x ∈ Ω → log D x f |E u x is not covered by Lemma 2.5 since it is not continuous at Q.
Approximation of non ergodic measures by ergodic ones.
Let M e (f ) denote the set of f -invariant ergodic Borel probability measures.
Lemma 2.6. For any continuous
We note that f |Ω is a factor of the full shift on two symbols [21, Proposition 3.1], and therefore has the specification [22, Proposition 1(b)]. Hence, ergodic measures are entropy-dense [8] : there exists a sequence {ξ n } n in M e (f ) such that ξ n → ν and h(ξ n ) → h(ν) as n → ∞. By [20, Lemma 4.4] and ν{Q} = 0, we obtain λ u (ξ n ) → λ u (ν).
Proof of the theorem
In this section we complete the proof of the theorem.
3.1. Outline. For the rest of this paper we assume ϕ : Ω → R is continuous and β ∈ I ϕ \ I ′ ϕ . We prove the theorem by estimating B u ϕ (β) from both sides. This is done along the line of [25] , but there is one key difference.
In Sect.3.2 we estimate B 
The upper estimate of dim u H (Π 1 ) is done in Sect.3.3 in much the same way as in [25] . The key difference from [25] is that Π 2 can be nonempty. To bypass this problem, in Sect.3.4 we estimate the dimension of the larger set Ω u * from above.
Lower estimate of
We also define d u,e ε by restricting the range of the supremum to M e (f ). We shall show
Since lim
from Lemma 2.6, the desired lower estimate of B u ϕ (β) follows. The idea is to construct a sequence of horseshoes in the sense of Sect.2.4 with Birkhoff averages arbitrarily close to β, and then glue these horseshoes together to construct a set of points whose Birkhoff averages are precisely β.
Let {µ n } n be a sequence in M e (f ) such that | ϕdµ n − β| → 0 and h(µ n )/λ u (µ n ) converges as n → ∞. Since ϕ is continuous and M(f ) is compact with respect to the topology of weak convergence, c ϕ = min{ ϕdµ : µ ∈ M(f )} and d ϕ = max{ ϕdµ : µ ∈ M(f )}. Since both c ϕ and d ϕ are attained by elements of M e (f ), considering linear combinations of them and then using Lemma 2.6 one can show there indeed exists such a sequence.
, and so (2) is obvious. Hence we assume h(µ n ) > 0. In what follows we first assume ϕ is Hölder continuous, and prove (2). Lastly we indicate necessary minor modifications to treat merely continuous ϕ.
If ϕ is Hölder continuous, then slightly modifying the proof of [25, Lemma 2.21] one can prove a variant of well-known Katok's theorem [13, Theorem S.5.9]: for each n there exist a positive integer q n and a family R n of proper rectangles with the following properties:
The only one difference from [25, Lemma 2.21] is (iv), which follows from Lemma 2.5.
The rest of the proof proceeds much in parallel to that of [25] , and so we only give a sketch of the proof. For an integer κ ≥ 1 let
Let {κ n } ∞ n=1 be a sequence of positive integers. For each k ≥ 1 let (N, s) be a pair of integers such that k = κ 1 + κ 2 + · · · + κ N −1 + s and 0 ≤ s < κ N . Define S(k) to be the collection of all proper rectangles of the form
where ω n ∈ R n (κ n+1 ) (n = 0, . . . , N − 1) and ω N ∈ R N (s). The set ω∈S(k) ω is compact, and decreasing in k. Set
where γ u (ζ 0 ) denotes the unstable side of Θ containing ζ 0 . By appropriately choosing {κ n } ∞ n=1
so that the orbits of points in Z spend longer and longer times around the horseshoes as n increases, one can make sure that Z ⊂ Ω u ϕ (β) and
Since {µ n } n is arbitrary, (2) holds. If ϕ is merely continuous, then take a sequence {ϕ n } n of real-valued Hölder continuous functions on Ω such that sup{|ϕ(x) − ϕ n (x)| : x ∈ Ω} < 1/n. Find q n and R n as above, satisfying (i) (ii) (iii) and (iv) with ϕ n in the place of ϕ. Then
and so the same argument prevails. 
Proof. Recall that γ u (ζ 0 ) denotes the unstable side of Θ containing ζ 0 . Since γ u (ζ 0 ) contains a fundamental domain in W u , for any x ∈ Ω u ϕ (β) which is not the fixed point in W u there exists n ∈ Z such that f n x ∈ γ u (ζ 0 ). From the countable stability and the f -invariance of dim
Since points in Ω u ϕ (β) ∩ γ u (ζ 0 ) which return to Θ under forward iteration only finitely many times form a countable subset, we have B 
Observe that A n,ε is a finite set, because its elements do not intersect D c (ζ 0 ). For each ω ∈ A n,ε write ω u = ω ∩ γ u (ζ 0 ) and set A u n,ε = {ω u : ω ∈ A n,ε }. Clearly we have
and there exist C > 0 and ρ 1 ∈ (0, 1) such that for each ω ∈ A u n,ε , length(ω u ) ≤ Cρ It follows that A∈A u n,ε length(ω u )
d u ε +d has a negative growth rate as n increases. Therefore the Hausdorff (d
, and by the countable stability of dim
Letting ε → 0 yields the desired inequality in Proposition 3.1. It is left to prove (3). Set ℓ = #A n,ε and Write A n,ε = {ω(1), ω(2), . . . , ω(ℓ)} so that (4) τ (ω(1)) ≥ τ (ω(s)) > m for every s ∈ {1, 2, . . . , t}.
Let π ℓ : Σ ℓ → ω∈An,ε ω denote the coding map defined in Sect.2.4 and σ : Σ ℓ the left shift.
Proper rectangles can intersect each other only at their stable sides, and there is only one proper rectangle containing P in its stable side. Hence, for any a ∈ Σ ℓ \ B there exists a unique element of A n,ε containing πa which we denote by ω(a). Define Ψ :
Since π(Σ ℓ ) ⊂ Ω \ {Q} and log J u is continuous except at Q, Ψ is continuous. Let M(σ) denote the space of σ-invariant Borel probability measures on Σ ℓ endowed with the topology of weak convergence. For each k ≥ 1 define an atomic probability measure ν k ∈ M(σ) concentrated on the set E k = {a ∈ Σ ℓ : σ k a = a} by
i=0 Ψ • σ i and δ a denotes the Dirac measure at a. Let ν 0 denote an accumulation point of the sequence {ν k } k in M(σ). Taking a subsequence if necessary we may assume ν k → ν 0 . We have ν 0 ∈ M(σ). Define a Borel probability measure µ on π(Σ ℓ ) by
By [25, Sublemma 3.5] , ν 0 (B) = 0 and so µ is indeed a probability. Define µ ∈ M(f ) by
We show
To show this, let ω ∈ A n,ε and x ∈ ω. Choose y ∈ ω∩γ u (ζ 0 ) such that (1/τ (ω))S τ (ω) ϕ(y) − β < ε/2. If ϕ is Hölder continuous, then by Lemma 2.4 and τ (ω) ≥ 2n we have
If ϕ is merely continuous, then approximating ϕ by a Hölder continuous function we get the same inequality for sufficiently large n. Since ω ∈ A n,ε and x ∈ ω are arbitrary, this implies | ϕdµ − β| < ε. Then (5) follows from the definition of d
A slight modification of the argument in [26, pp.220] shows that for any integer p with 1 ≤ p < k,
Similarly to the proof of [25, Sublemma 3.7] one can show that Ψdν k → Ψdν 0 as k → ∞.
Letting p → ∞ we get To estimate the left-hand-side of (7) from below, set E ′ k = {a ∈ E k : a 0 = 1}. Let a ∈ E 
